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ABSTRACT

A model is introduced for estimating the nitrogen oxides (NO, = NO + NO,) production from a lightning
return stroke channel. A realistic modified transmission line model return stroke current is assumed to prop-
agate vertically upward along a stepped leader channel of 0.1-cm radius. With additional assumptions about the
initial radial expansion rate of the channel, the full nonlinear differential equation for the return stroke channel
radius r(z, t) is solved numerically using Mathematica V9.0.1.0. Channel conductivity and channel air density are
adjustable constants, and the model employs typical atmospheric profiles of temperature, pressure, and density.
The channel pressure is modeled by a dynamic pressure expression. Channel temperature is extracted from the
pressure by a minimization technique that involves a generalized gas law appropriate for high temperatures
where dissociation and ionization are important. The altitude and time variations of the channel energy density
are also obtained. Three model runs, each with different input parameters, are completed. Channel radii at sea
level range from about 1.7 to 6.0cm depending on the model inputs and are in good agreement with other
investigators. The NO, production from each 1-m segment of the channel is computed using conservation of
energy and equilibrium freeze-out-temperature chemistry. Because the NO, per meter of channel is computed
as a function of altitude, extensions of the results to tortuous and branched channels are possible and lead to
preliminary estimates of total return stroke NO,.. These estimates are found to be smaller than the return stroke

943

NO, values obtained from the NASA Lightning Nitrogen Oxides Model (LNOM).

1. Introduction

Several gas dynamic models have been developed to
analyze explosions in air. For example, Taylor (1950)
developed a model for spherical blast waves that can be
applied to thermonuclear explosions. For cylindrically
symmetric explosions, Drabkina (1951) described the
rapid shockwave radial expansion of a spark channel. Lin
(1954) formally extended the analysis of Taylor (1950) to
a cylindrical geometry, with applications for character-
izing meteor and hypersonic missile trails, spark channels,
and lightning discharges.
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Additional notable efforts in gas dynamic modeling in-
clude the work of Sakurai (1954) and the strong shock
approximation of Braginskii (1958). The work of Braginskii
has gained attention in both engineering and scientific ap-
plications [e.g., resistance and inductance of gas arcs
(Barannik et al. 1975), lightning return stroke channel re-
sistance (DeConti et al. 2008; DeConti and Visacro 2009),
and lightning nitrogen oxides (LNO,) production (Cooray
et al. 2009)].

More elaborate gas dynamic models were subsequently
developed. For example, a model that is applicable across
both strong and weak shock domains and that employed an
equation of state for air at high temperature was introduced
(Plooster 1968, 1970) and then directly applied to lightning
return strokes (Plooster 1971). In addition, a detailed gas
dynamic model introduced by Paxton et al. (1986) included
energy loss in the return stroke channel due to radiation.
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The motivation for the present work is multifaceted.
First, LNO, indirectly influences our climate since it plays
a role in controlling the concentration of ozone (O3) and
hydroxyl radicals (OH) in the atmosphere (Huntrieser
et al. 1998); Os is a greenhouse gas that affects the ra-
diative balance of the Earth-atmosphere system, and
OH affects the concentration of several other green-
house gases. In addition, LNO, is the most important
source of NO, in the upper troposphere (Schumann and
Huntrieser 2007; Zhang et al. 2003). Therefore, im-
proving the modeling of LNO, production is highly
desired and is a central focus of our study. Second, we
wanted to develop a reasonably rigorous model for re-
turn stroke NO, production that could be used for in-
dependent comparison with, and validation of, the
empirically based return stroke NO, production model
employed in the National Aeronautics and Space Ad-
ministration (NASA) Lightning Nitrogen Oxides Model
(LNOM,; Koshak et al. 2009, 2010; Koshak and Peterson
2011; Koshak et al. 2014). LNOM makes estimates of
NO, production from the many different discharge
processes in a lightning flash (including the return stroke
in a ground flash) in order to obtain an estimate of the
total NO, produced by the flash. Third, we wanted it to
be possible, as well as practical, to replace LNOM’s
empirically based return stroke NO, parameterization
with the rigorous model developed here. The ability to
“plug and play” the return stroke NO, production
module in LNOM greatly facilitates optimizing the test-
ing and accuracy of the LNOM. Fourth, since there are
uncertainties in key chemical NO, sinks that affect top-
down estimates of NO, (Stavrakou et al. 2013), there is
a desire to improve bottom-up estimation such as pro-
vided by our model. Finally, there is a general desire to
continuously improve the accuracy of LNOM in prepa-
ration for its application to future satellite lightning data.
The Geostationary Operational Environmental Satellite
R-series (GOES-R) is due to launch in early 2016 as of
this writing and will include the Geostationary Lightning
Mapper (GLM; Goodman et al. 2013). The GLM will
map the locations and time of occurrence of total (ground
flash and cloud flash) lightning activity continuously day
and night with near-uniform storm-scale spatial resolu-
tion and with a product refresh rate of under 20s over the
Americas and adjacent oceanic regions. Fully optimizing
the accuracy of LNOM is desired to ensure reasonable
assignments of LNO, production to GLM ground and
cloud flashes. This, in turn, facilitates global climate—
chemistry and regional air quality modeling efforts that
depend on accurate LNO, parameterizations and LNO,
emission inventories.

Section 2 introduces the model and describes how
numerical solutions for various channel properties are

JOURNAL OF THE ATMOSPHERIC SCIENCES

VOLUME 72

obtained. What fundamentally sets our gas dynamic
model apart from others is that it completes the extra
steps required to estimate return stroke NO, pro-
duction. This means that the model obtains solutions for
several channel properties (i.e., radius, expansion rate,
pressure, temperature, and energy density) not only as
a function of time, but also as a function of altitude and
the detailed characteristics of the return stroke current.
Section 3 provides results of some basic model runs and
intercompares these results with other investigators.
Results for return stroke NO, production are also
compared with the empirical-based results derived from
LNOM. Section 4 summarizes the effort.

2. Model description

As an overview, note that the model begins with an
idealized vertically oriented stepped leader channel of
fixed cross-sectional radius and a length extending from
sea level to an altitude of 6.5 km. The value of 6.5 km is
a reasonable height of the negative charge layer in
a thundercloud (Koshak and Krider 1989). The channel
is embedded in a realistic atmospheric environment with
specified temperature, pressure, and density profiles.
Next, a return stroke current propagates up the stepped
leader channel, thereby heating and rapidly expanding
the channel radius as a function of altitude and time.
Likewise, the return stroke channel pressure, tempera-
ture, and energy density all rapidly increase. The decay
of the return stroke current and the cooling of the
channel due to radial channel expansion eventually re-
duce the channel radial expansion rate. This, in turn,
results in a reduction in channel pressure, temperature,
and energy density. Because the channel radial expan-
sion rate subsides and the channel pressure approaches
the ambient atmospheric pressure, the model channel
radius attains an altitude-dependent maximum value.

The following subsections provide details on each of the
key components of the return stroke NO, production model.

a. Ambient atmosphere

The environmental profiles of atmospheric tempera-
ture 7T,(z) and pressure p.(z) employed in the model are
given by the reference state of the Fifth-Generation
Pennsylvania State University—National Center for At-
mospheric Research (NCAR) Mesoscale Model (MMS5)
as discussed in Archer (2004):
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Here, g is the acceleration of gravity, R, is dry-air gas
constant, 7,(0) is sea level temperature (taken as approx-
imately 298.1 K in our model runs), p.(0) is the sea level
pressure and equal to 101325Pa, and A = 50K is the
temperature difference across one e folding of the pressure.

The vertical profile of air density is given by the ideal
gas law

p.(2) = RI:ET(;)Z)- ®)

b. Channel current

In the model of Braginskii (1958), it had to be assumed
that the current source was a linear function of time, but
this is not adequate for purposes of return stroke model-
ing. Similarly, Plooster (1971) and Paxton et al. (1986)
both avoided the use of an optimal return stroke current
model in favor of a more simplified current source that
had a linear rise to peak followed by an exponential decay.

In our model, a realistic return stroke current source is
employed. It is called the modified transmission line
model (MTLM) introduced by Heidler (1987). With the
return stroke current front propagating vertically up the
stepped leader channel with speed w, the current at al-
titude z = wt in the MTLM in terms of a shifted time
coordinate ' =t — z/w is

I (fIr)e " , ,
i(2,0) = {01(71)2624_ I (e — ey \eman,
n[(l’/Tl) +1]

4)

The value of the current is zero when the front has not yet
reached the altitude considered (i.e., when z > wt). The
MTLM is commonly used to model return stroke radiated
fields [see the discussion by Nucci et al. (1990) for addi-
tional details]. The values of the constants are n = 0.845,
101 = 9900 A, 102 = 7500 A, T = 0.072 MS, Tp = 5.0 MS, T3 =
100.0 us, and 74 = 6.0 us. Note here that time ¢ is in mi-
croseconds, and altitude z is in meters. In addition, we as-
sume that w = 1.3 X 10°ms™" and A = 1750 m, which are
both in accordance with the ranges given in Nucci and
Rachidi (1989).

¢. Fundamental equations

The primary equations of the gas dynamic model are
e=pR,TF(p,T), and (6)

d(eV) dV

2
R—L= +p 7
! a Pa )
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The dependent variables p = p(z, 1), p = p(z,1), T = T(z, 1),
and € = ¢(z, t) are the return stroke channel pressure
(Pa), channel air density (kgm ), channel temperature
(K), and channel energy density (Jm ), respectively.
The return stroke current is i = i(z, t), as modeled in (4).
Equations (5) and (6) were essentially introduced in
Plooster (1968), but we have added an extra pressure
term (—p,,) into (5) to acknowledge the presence of
a self-magnetic pinch produced by the return stroke
current. The magnetic pinch exerts an inward radial
pressure counter to the first term (which is a thermal
pressure). Equations (5) and (6) are for a mixture of di-
atomic nitrogen and diatomic oxygen that Plooster calls
“Air2” and that closely resembles actual air; that is, trace
gases are neglected. The rather complicated functions
G and F are implicitly provided and discussed in Plooster
(1968) so are not repeated here. These functions account
for the effects of dissociation and ionization that occur at
high temperatures (i.e., T = 10000K). Additional dis-
cussion of the remaining variables and the physical in-
terpretation of Eqgs. (5)—(7) follow.

Equation (5) is a generalized gas law, or magneto-
thermal equation of state, that holds at the high tem-
peratures of the return stroke channel. It reduces to the
ideal gas law if the temperature is sufficiently low (such
that G ~ 1) and the current is sufficiently low (such that
Pm can be neglected).

Equation (6) is the associated generalized caloric
equation of state. We have weighted our caloric equation
of state by a factor of p and have made a minor notational
change relative to what was provided in Plooster (1968).
The weighting by p has the advantage that the form of (6)
is identical to the form of (5) when p,,, = 0.

Equation (7) is an expression of the time rate of change
of the first law of thermodynamics (i.e., dQ/dt = dU/dt +
pdV/dt) applied to a cylindrical segment of the channel.
The net energy input into the channel segment is dQ/dt =
R — L, where i°R is the familiar joule heating supplied
by the return stroke current, R the electrical resistance of
the channel segment, and L represents any energy loss
mechanisms. The term dU/dt = d(eV)/dt is the rate of
change of stored internal energy of the channel segment,
and pdV/dt is the work that the channel segment does
on the environment. Note that the channel segment is
a vertical cylindrical channel element of volume V = 7?1,
where ris the cross-sectional channel radius and / = 1 m s
the vertical thickness of the cylindrical element.

d. Simplifying assumptions

First, we assume fixed values for certain return stroke
properties. Specifically, the return stroke air density p =
prs = 0.0135 kg m ™ is assumed and is based on the typical
values obtained in the spectroscopic observations and



946

modeling of Orville (1968a). The return stroke channel
conductivity o (see later) is assumed tobe 2.2 X 10*Sm ™!
(DeConti et al. 2008).

Second, we have neglected the self-magnetic pinch
effect imposed by the return stroke current; that is, we
set p,,, = 0. The inward radial pressure gradient is given
by J X B, where J is the return stroke current density and
B is the magnetostatic induction produced by the return
stroke current at a particular moment in time. Since the
inward radial magnetic pinch inhibits channel expansion,
neglecting this effect leads to overestimating maximum
channel radius. Moreover, it will be advantageous to ex-
press the channel pressure in terms of the familiar dy-
namic pressure Kp,(z)v?, where v is the radial expansion
rate of the channel (i.e., the time derivative of the channel
radius) and K is the coefficient of resistance. This gives

p=p,z)+Kp,(2)v*. (8)

Even though we employ this expression for pressure, we
still require that it equals the value of p given in (5) for
a given channel temperature (where again p,, = 0).
Equation (8) follows a similar approximation made in
Braginskii (1958) for a channel element at sea level.
However, we have generalized Braginskii’s expression
for any channel altitude, and we have also added an
ambient pressure term p.(z). Without this added term,
p would be zero when the channel stops growing (i.e.,
when v = 0), which is absurd. Since the channel pressure
never reaches zero, the value of v would always be
positive implying that the radius grows without bound
(also absurd). Hence, Braginskii’s channel radius grows
without bound since ambient pressure was neglected.
Since we use a nonzero value of p.(z) as given in (2), our
maximum channel radius is achieved when p falls to the
ambient level p.(z) such that v = 0.

Third, we follow a simplifying assumption made in
Braginskii (1958) regarding energy density but again make
some improvements on the assumption. The ideal gas law
gives p = pR,T = pl(c, = )T = p(y = Du = (v — De.
Hence, the Braginskii approximation for channel energy
density is € = p/(y — 1) with y = 1.22. Here, ¢, and ¢, are
the specific heats at constant pressure and constant volume,
respectively, y = ¢,/c,, and the specific internal energy is
u = ¢, T. Instead of working with an ideal gas, we combine
(5) and (6) and the assumption p,,, = 0 to obtain

e=L_ )

whereI'=1+ G/F=1+ (y—1)G. Thatis, I represents
a generalized form of vy since it is valid across a larger
temperature range. Note that our expression for en-
ergy density reduces to Braginskii’s when the channel

JOURNAL OF THE ATMOSPHERIC SCIENCES

VOLUME 72

r({M

0 10000 20000 30000 40000 50000

Temperature (K)

FIG. 1. Variation of I with temperature when p = py.

temperature is sufficiently low (i.e., when G ~ 1). Using
the functions G and F provided in Plooster (1968), we
generated a plot of the temperature dependence of
I'(p;s, T) as shown in Fig. 1. In the temperature range of
importance in this work (i.e., 7 = 10000-30 000 K) the
mean value (standard deviation) of I'(p, T) is 1.15503
(0.01558) or a ratio of standard deviation to mean of
only 1.3%. Given this weak temperature dependence,
we can safely apply the expression in (9) with I" taken as
constant. In practice, our model employs a (perhaps
slightly more accurate) value for this constant of I" ~
1.14 given in Fig. 2.4 of Bauer (1990). In any case, note
that our values of I' of 1.155 or 1.14 are considered an
improvement over Braginskii’s value of 1.22. Again,
sinceI' =1+ (y — 1)G, I' = y only when the channel
temperature is sufficiently low.

Fourth, following the work of Drabkina (1951) and
Braginskii (1958), we assume that the coefficient of re-
sistance is K = 2/(I" + 1), which for our value of I' = 1.14
gives a value of K ~ 0.935.

Finally, we neglect all other possible forms of energy
loss from the channel; that is, we assume L = 0. In other
words, apart from cooling due to channel expansion, we
neglect all other cooling mechanisms. Some of these
mechanisms have been examined by other investigators:
thermal conduction (Braginskii 1958), turbulent mixing
(Picone et al. 1981), and radiation (Paxton et al. 1986).
However, there is still debate in the literature as to which
of these cooling mechanisms are most important (e.g.,
Hill 1987; Paxton et al. 1987). These ancillary cooling
mechanisms represent a loss of energy to the return
stroke channel, so neglecting these mechanisms leads to
overestimating the maximum channel radius attained.

e. Channel radius and radial velocity

From elementary physics, the channel segment re-
sistance R is the channel resistivity (i.e., inverse con-
ductivity o) times the channel segment length / divided
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by the channel segment cross-sectional area 77>, There-
fore, joule heating can be expressed as i’R = i’l/(omr?).
The rate of change of the internal energy is simply
d(eV)ldt = [1/(T" — 1)]d(pmrr?l)/dt, where we have used (9)
and the definition of the cylindrical volume segment. Fi-
nally, the work term is pdV/dt = pd(wr*l)/dt. Substituting
these three expressions into (7), using (8), and main-
taining the assumptions that p,, = 0 and L = 0 gives

dr d*r dr\’? dr
aardam  po3farys o s4r 2
" ae Ir dt r daiPe v (10)

with the coefficients

r r-1
¢_— l/j_27T2er(T (11)
The reader should keep in mind which variables have
altitude and time dependence; thatis, r = r(z,1),i = i(z, t),
Pe = Pe(2); pe = pe(2), & = ¢(2), and ¢ = ¢(2).

In addition, the channel expansion rate (i.e., radial
velocity of the channel) is simply the derivative of the
channel radius

v=u(z,?) =%. (12)

In practice, one solves (10) numerically for the channel
radius given appropriate initial conditions, and then
a numerical derivative of the solution is taken to obtain
the radial velocity. Details of the solution process are
provided in the next subsection.

f- Numerical solution

Equation (10) is a first-degree, second-order, nonlinear
ordinary differential equation (ODE) for the radius as
a function of time, with the altitude viewed as a parame-
ter. The ODE is amenable to numerical solution at
a given value of z using the ParametricNDSolve utility of
Mathematica V9.0.1.0. But, this requires the initial con-
ditions for the channel radius and radial expansion rate.

Since the return stroke current takes time to propa-
gate up the stepped leader channel, we replace i(z, f)
on the RHS of (10) with the current source j(z, ) = i(z,
t — z/w) and solve each ODE for z with respect to the
shifted time ¢ = ¢ — z/w. In this shifted time coordinate,
¢ = 0 always corresponds to the moment the return
stroke current front arrives at z, no matter what channel
altitude one considers.

For the initial channel radius, we assume that r(z, z/w) =
r(z,¢ = 0) = 0.1cm (DeConti et al. 2008).

The initial radial velocity is more difficult to estimate
than initial channel radius. For perspective, the study of
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laboratory spark discharges by Abramson et al. (1947)
using a mirror scanning technique suggested a radial ex-
pansion rate of laboratory spark discharges of 1-5kms ™ ..
In addition, the radial solution given in Fig. 4 of Plooster
(1971) has an initial radial velocity of about 1.17 kms ™.

Since the return stroke current in (4) at z is zero at the
moment that the return stroke current front arrives at
z [i.e., i(z, z/w) = 0], the return stroke current itself
initially provides no joule heating (and hence channel
radial expansion) at the arrival time ¢ = z/w. Therefore,
the initial radial expansion of the channel is assumed to
be solely due to the thermal pressure of the stepped
leader. From Orville (1968b), the stepped leader tem-
perature prior to the return stroke is approximately 7, =
10000 K. Hence, applying (5) and (8) to the stepped
leader and again assuming p,, = 0, we can equate the
stepped leader thermal pressure p; = p,RT,G(ps, T;) to
the expression p.(z) + Kp.(z)v*(z, z/w) to estimate the
initial condition for the radial velocity as

R pstTSG(pS7 Ts) —pe(z)
v(z,f'=0)= \/ er(z) .

(13)

When applying (13), the value of the stepped leader air
density is assumed to be p; ~ 10p,s. This results in a radial
velocity of about 0.78kms ™" at sea level, which is rea-
sonably close to the results of Abramson et al. (1947) and
Plooster (1971). We do not assume a smaller value of p;
because this would result in adversely lowering the initial
radial velocity even farther below the 1kms ™! level.

In any case, we do not rigidly adhere to the estimate in
(13) but only propose it as a potential estimate given the
lack of direct observations of the stepped leader radial
expansion. Certainly, one could consider using (as we do
in section 3) a larger initial radial velocity to examine the
impact on the channel radius solutions.

g. Channel pressure, energy density, and temperature

Obtaining the channel pressure and energy density is
straightforward. The channel pressure is obtained by
computing the radial velocity from (12) and then ap-
plying (8). The energy density is then computed from the
channel pressure using (9).

To obtain the channel temperature requires more effort.
We apply Mathematica’s NDMinimize utility to find the
temperature that minimizes the following scalar function:

S(T) = {pR TGPy T) = [p(2) + Kp ()21}, (14)
That is, we find the temperature the channel would
need to be such that the generalized gas law pressure
(with p,,, = 0) is equivalent to the channel pressure given
in (8). Since we fix the return stroke air density (i.e.,
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p = prs = 0.0135kgm ), temperatures derived from
(14) are valid only for those times when the channel
temperature is high such that this assumed fixed air
density value approximately holds. For example, long
after the channel stops expanding (v = 0) the channel
approaches ambient pressure and temperature and the
fixed value for p,s is no longer appropriate. This means
that (14) overestimates the temperature as soon as the
true return stroke channel air density begins increasing
above our fixed estimate.

h. Return stroke NO, production profiles

To estimate NO, production from each return stroke
channel segment, we follow the methodology outlined in
the derivation of (5) in Cooray et al. (2009) but explicitly
emphasize the altitude dependence. As the channel
segment centered at z cools because of its radial ex-
pansion, the channel pressure eventually subsides to the
ambient pressure. At this moment ¢,,, the channel stops
expanding and it reaches its maximum radius; that is,
rm = 1(z,t = t,,). [Note here that we are expressing time
in terms of the absolute time coordinate ¢, not the shifted
time coordinate ¢ utilized just for solving (10).] The
channel temperature and energy density at the instant
the channel acquires its maximum radius is given by
T, = T(z,t = t,) and ¢, = €(z, t = t,,). The channel
further cools to the freeze-out temperature 7 = 2660 K
(Cooray et al. 2009; Zeldovich and Raizer 2002), due
to turbulent mixing, radiation, and conduction, and is
still at the ambient pressure. At Ty, the ideal gas law
is obeyed; that is, G(pys, Tf) = 1, so the number of
gas molecules in the channel segment is simply Ny =
[pe(z)VA/(kTy), where Vyis the channel segment volume
at the freeze-out temperature and k is the Boltzmann
constant. However, by the conservation of energy, we
have ¢V = ¢,,V,,. Using this last expression to repre-
sent Vy, using the form in (9) to express the energy
densities, and noting that V,,, = wrfnl, one can obtain the
NO, production P(z) = f°N;from the channel segment
at z as

— ope(z) Ff —1 2
P(Z)—fk—Tf<1_,_1)’7Trm(Z)l. (15)
Here, f° ~ 0.029 is the nitric oxide (NO) equilibrium
mixing ratio (Borucki and Chameides 1984; Chameides
1986), which is the fraction of NO molecules in the gas at
temperature 7T7; it is understood that most of the NO,
(=NO + NO,) produced by the discharge is in the form
of NO (Wang et al. 1998). Since we find from our model
runs (section 3) that 6000 < T,,, < 12 000 K, we make the

reasonable assumption that I'(py, 7,,) ~ ' = 1.14. In
addition, I's ~ 1.2894 as given in Keenan et al. (1983).
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FIG. 2. Current used for model run 1 for different altitudes: O (blue
curve), 2 (red curve), 4 (yellow curve), and 6 km (green curve). The
current waveform parameters are described in section 2b.

3. Results and discussion

In this section we provide a baseline model run that
employs a baseline return stroke current and a baseline
initial radial velocity profile. To illustrate how model
results change with different input parameters, we pro-
vide two additional model runs: one with a larger initial
radial velocity profile than the baseline and one with
a larger return stroke peak current than the baseline.
The initial condition on the channel radius remains fixed
at 0.1 cm for all the runs below.

a. Model run 1 (baseline)

In this model run, the return stroke current described
in section 2b is used; a plot of the time variation of the
current for several altitudes is given in Fig. 2. Note that
the peak current at the ground is just under 11 kA.
About 50% of negative polarity ground flashes have
peak currents that exceed 30 kA (Rakov and Uman
2003),s0 11 kA is a smaller than typical event. The initial
radial velocity profile is given by (13) and is plotted in
Fig. 3. Figures 4-8 provide the numerical solution results
for the channel radius, radial velocity, pressure, energy
density, and temperature, respectively. The channel ra-
dius results in Fig. 4 are fundamental since all the other
channel attributes are derived from these curves.

The radii for z = 0 (blue curve) are in good agreement
with the plots of radius versus time provided in Fig. 4 of
Plooster (1971), which had a channel radius of about
1.5 cm at 35 us. The radii results, and those to follow, are
also in good agreement with the 1-4-cm range suggested
by Oetzel (1968). In addition, for the peak current of just
under 11 kA employed in this model run, our maximum
radii (z = 0) also match up well with the value given in
Fig. 1 of Cooray et al. (2009).

Note from Fig. 6 for z = 0km (blue curve) that the
channel pressure approaches the ambient atmospheric
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FIG. 3. Initial condition for the channel radial velocity for model run 1.

pressure in about 20-30 us, which is in good agreement
with the spectroscopic observations and modeling pro-
vided in Fig. 3 of Orville (1968a). In this same time in-
terval, the channel radius begins to level off, and the
channel radial velocity subsides.
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FIG. 5. Channel radial velocity vs time for various altitudes (model
run 1). See Fig. 2 caption for altitude curve color key.

The energy density values shown in Fig. 7 are on the
order of several megajoules per cubic meter (i.e., sev-
eral joules per cubic centimeter) and hence are in basic
agreement with the 1Jcm ™ requirement specified in
Picone et al. (1981) for creating a hot channel at sea
level pressure.

Finally, the channel temperature (Fig. 8 for z = 0, blue
curve) is in reasonable agreement with the spectroscopic
study by Orville (1968a). To save on CPU time in the
minimization of (14) and to physically constrain the
peak temperature to a reasonable value, we have placed
an artificial cap on the peak temperature of 30 000 K. In
addition, note that all the channel temperature curves in
Fig. 8 decay to artificially high values. This is because we
employed a fixed value for the return stroke air density
(see discussion in section 2g) and because all other
cooling mechanisms beyond channel expansion have
been neglected (i.e., L = 0). Hence, our temperature
plots are only valid in representing certain basic features
(i.e., the moment of temperature rise, the characteristic
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FIG. 4. Channel radius vs time for various altitudes (model run 1).
See Fig. 2 caption for altitude curve color key.

FIG. 6. Channel pressure vs time for various altitudes (model run
1). See Fig. 2 caption for altitude curve color key.
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FIG. 7. Channel energy density vs time for various altitudes (model
run 1). See Fig. 2 caption for altitude curve color key.

rise time, the characteristic peak temperature if below
our artificial cap, and the decay in temperature up to the
moment that the constant temperature value is first
reached).

Since the amount of model return stroke NO, de-
pends on the maximum channel radius attained (see
section 2h), we expect that our model overestimates
NO, production because of neglect of the ancillary
cooling mechanisms mentioned here and the self-
magnetic pinch effect, assuming the initial conditions
in the boundary value problem are chosen correctly.

b. Model run 2 (enhanced initial radial velocity)

In this model run, we employ the same current source as
in the baseline run but enhance the initial radial velocity at
all altitude levels by a factor of 10 as shown in Fig. 9. This
gives the channel radius results shown in Fig. 10. For
brevity, we omit the plots of the derived channel variables
that have some qualitatively similar attributes to the plots
in Figs. 5-8, but of course are of greater amplitude. Note
that the maximum channel radii attained in Fig. 10 are
larger than those attained in the baseline run of Fig. 4, as
expected. However, the effect of a larger initial radial
velocity enhances the channel radii more significantly at
higher altitudes than at lower altitudes. This is because in
the baseline run the highest altitude channel segment had
an initial radial velocity of about 0.35kms™ ' larger than
the lowest channel segment near the ground, but in this
model run 2, the highest channel segment has an initial
radial velocity about 3.5kms ' larger than the lowest
segment (see Figs. 3 and 9).

¢. Model run 3 (enhanced peak current)

The peak current at the surface shown in Fig. 2 (blue
curve) is just under 11 kA and this defined the baseline
run (run 1). For model run 3, we multiply the values of
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F1G. 8. Channel temperature vs time for various altitudes (model
run 1). See Fig. 2 caption for altitude curve color key.

Iy and [, given in section 2b by a factor of 10. This
results in a peak current at the surface of just under
110k A as shown in Fig. 11 and represents a large return
stroke discharge; that is, only about 5% of negative
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FIG. 9. Initial condition for the channel radial velocity for model
run 2.
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F1G. 10. Channel radius vs time for various altitudes (model run 2).
See Fig. 2 caption for altitude curve color key.

polarity ground flashes have peak currents that exceed
80kA (Rakov and Uman 2003). Also for this third
model run, the initial radial velocity profile is taken as
the baseline profile shown in Fig. 3.

Figure 12 shows the channel radius results. Note that
the far larger return stroke current leads to more joule
heating and hence greater radial expansion. The maxi-
mum channel radius at sea level now exceeds 6 cm (i.e.,
by the time it levels off), which is substantially larger
than in either of the previous model runs.

d. Estimates of total return stroke NO,

The altitude profiles for return stroke NO, production
for model runs 1-3 are provided in Fig. 13. The NO,
values are computed for each 1-m-thick vertically ori-
ented cylindrical channel segment using (15), so the
vertical resolution in these plots is 1 m. Slight ripples in
the curves are produced from the process of extracting
the maximum channel radius r,, at each altitude level.
After its initial drop, the decay in channel pressure is
slow [i.e., p lingers just above p.(z) for a relatively long
time]. Hence, in practice, r,, is obtained by picking the
channel radius associated with the channel pressure that
first falls within 1013.25Pa (i.e., 1% of sea level pres-
sure) of the ambient pressure p.(z). The shape of the
profile in Fig. 13b differs from that of the other two
profiles because larger maximum channel radii are
eventually attained at higher altitudes as shown in the
“curve crossovers” in Fig. 10.

These profiles can be used to make estimates of total
return stroke NO,. This involves multiplying an average
value of the NO, per unit channel length by total
channel length, as described in greater detail below.

First, it is important to recognize that our model em-
ploys an idealized vertical return stroke channel of only
6.5km, and this is done to simplify the geometry while
retaining altitude dependence in the model. Real return
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FI1G. 11. Current used for model run 3. See Fig. 2 caption for altitude
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stroke channels are tortuous and often highly branched;
therefore, the actual total channel length typically
extends well beyond the 6.5-km model value. In-
creases in total channel length increase the total re-
turn stroke NO,.

Therefore, we use the profiles here to obtain an altitude-
averaged NO, density (i.e., the NO, per unit kilometer of
channel in units of moles per kilometer). This average
NO, density is then multiplied by realistic return stroke
channel lengths. The average NO, densities are ob-
tained by summing up the NO, production from each
1-m-thick channel segment (as obtained from the pro-
file in Fig. 13a, 13b, or 13c) and then dividing by the total
channel length of 6.5 km. This gives the following average
NO, densities: 0.045molkm ™' (model run 1, Fig. 13a),
0.265 mol km ™' (model run 2, Fig. 13b), and 0.730 mol km
(model run 3, Fig. 13c).

For an analysis of 4832 flashes from August thunder-
storms in Alabama in the years 2005-09, the August
average cloud-to-ground lightning channel lengths de-
rived from LNOM were found to range from 38.9 to

radius (cm)
w

0 20 40 60 80 100
time (us)

FIG. 12. Channel radius vs time for various altitudes (model run 3).
See Fig. 2 caption for altitude curve color key.
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FIG. 13. Return stroke NO, profiles obtained from the three model
runs.
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69.6 km (Koshak et al. 2014). These LNOM results are
based on a detailed analysis of data from a Lightning
Mapping Array (LMA) operating in northern Alabama
(Koshak et al. 2004). The present LNOM archive has
more extensive statistics and shows an average channel
length of 66.9km for 40166 cloud-to-ground lightning
flashes that occurred across several years and across all
months in a year. Using this improved length estimate,
and assuming a typical value of three return strokes per
ground flash (i.e., a multiplicity of 3), one obtains the
following estimates of return stroke NO, production:
9.0mol (model run 1), 53.2mol (model run 2), and
146.5mol (model run 3). These provide a reasonable
range of values that one can obtain depending on just
the details of the input parameters to our return stroke
model. A larger range of return stroke NO, estimates
can obviously be obtained by including the range of
channel lengths and multiplicities that can occur in na-
ture. The average channel length of 66.9 km accounts for
channel tortuosity but also all the branches off the main
return stroke channel. Since currents are likely smaller
in these branches, our NO, calculations here likely rep-
resent an overestimate. In addition, since a subsequent
stroke in a ground flash typically has a smaller peak
current then the first return stroke (Rakov and Uman
2003), the simple multiplication by the multiplicity, as
done above, involves an overestimation.

By comparison, a run of the LNOM for the same 6.5-km
model channel and using the baseline peak current value
employed in model run 1 gave an average NO, density
of 0.550molkm'. This suggests that the LNOM is
overestimating the true return stroke NO, production.
One contributing factor to this overestimation is that the
LNOM does not attenuate the return stroke current
with altitude as given by the exp(—z/A) factor in (4).
Nonetheless, given the large input parameter space as-
sociated with our gas dynamic model, we desire future
activities devoted to intercomparing model results with
LNOM, so that the two can be jointly and optimally
tuned. In-depth comparisons and tuning of this nature
are beyond the scope of the present work, whose main
focus has been to introduce the gas dynamic model.
Therefore, the return stroke NO, values provided above
should be considered only as preliminary estimates.

Finally, it is important to emphasize that these NO,
estimates are only for return strokes and do not repre-
sent the total NO, (or so-called LNO,) produced by
a cloud-to-ground flash. There are many other mecha-
nisms that produce additional amounts of NO, in a
cloud-to-ground flash such as continuing currents,
K changes, M components, hot-core stepped and dart
leaders, and stepped leader corona sheath (Cooray
et al. 2009; Koshak et al. 2014).
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4. Summary

A new gas dynamic model has been introduced with
the main focus of using it as a tool to estimate NO,
production from return strokes in cloud-to-ground
lightning. What distinguishes this model from previous
gas dynamic models is that it takes the extra steps re-
quired to estimate return stroke NO, from the model-
derived channel properties (i.e., cross-sectional radius,
radial expansion rate, pressure, temperature, energy
density). To achieve a reasonable estimate of NO, means
that these channel properties had to be solved not only as
a function of time but also as a function of altitude. The
altitude dependence has essentially been ignored in pre-
vious gas dynamic models, but with the aggressive use of
3D Lightning Mapping Array (LMA) data to estimate
LNO, using the NASA LNOM (Koshak et al. 2014), the
need for a rigorous analysis of the channel properties
across the vertical altitude domain is essential.

Because altitude is included in our model, this allows
us to employ a more robust model for the return stroke
current source. Whereas previous investigators have
used oversimplified current models just at the surface,
our model employs a full modified transmission line
model across the entire vertical domain of the return
stroke channel. Hence, our gas dynamic model includes
a realistic vertically propagating current pulse that
evolves in altitude and time and is responsible for the
joule heating of the channel.

In response to the heating, the cross-sectional channel
radius r(z, t) evolves. After generalizing and improving
on several important assumptions made by Braginskii
(1958), we derived a nonlinear differential equation for
r(z, t), where z is viewed as a constant parameter. Em-
ploying the latest version of Mathematica available at
the time of this study, this differential equation was
numerically solved with 0.5-us time resolution and 1-m
spatial resolution. From the values of r(z, t), we extract
other channel properties (radial expansion rate, pres-
sure, temperature, and energy density).

Finally, the altitude-dependent maximum channel radii
are combined with energy-conservation requirements
and results from equilibrium NO, chemistry findings to
make estimates of NO, production for each meter seg-
ment of the return stroke channel; this is described in
detail in the derivation of (15) in section 2. Preliminary
estimates of total return stroke NO, were obtained by
multiplying our altitude-averaged model NO, density by
LNOM/LMA-derived average ground flash channel
length and then multiplying by the expected number of
return strokes in a flash. Since we neglect magnetic pinch
and all energy loss mechanisms (except cooling due to
channel expansion), the results overestimate maximum
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channel radius and, hence, overestimate LNO,. In
follow-on studies, we intend to retain the magnetic pinch
term and may include additional cooling mechanism
terms.

Important tunable variables of the model include initial
radius and radial expansion of the channel, return stroke
current source characteristics (i.e., those parameters de-
fining peak current, rise time, decay time), channel air
density, channel conductivity, the temperature-dependent
specific heat ratio, and the ambient atmospheric pressure
and density profiles. Depending on these input parame-
ters, a fair range of return stroke NO, estimates can be
obtained and compared to empirically based LNOM re-
sults. Therefore, we desire more intercomparisons with
LNOM return stroke NO, values in the future to fully
optimize and tune both our model and the LNOM.
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